Image registration involves identification of a transformation to fit a target image to a reference image space. The success of the registration process is vital for correct interpretation of the results of many medical image-processing applications, including multi-atlas segmentation. While there are several validation metrics employed in rigid registration to examine the accuracy of the method, non-rigid registrations (NRR) are validated subjectively in most cases, validated in offline cases, or based on image similarity metrics, all of which have been shown to poorly correlate with true registration quality. In this paper, we model the error for each target scan by expanding on the idea of Assessing Quality Using Image Registration Circuits (AQUIRC), which created a model for error "quality" associated with NRR. In this paper, we model the Dice similarity coefficient (DSC) error in the network, for a more interpretable measure. We test four functional models using a leave-one-out strategy to evaluate the relationship between edge DSC and circuit DSC: linear, quadratic, third order, or multiplicative models. We found that the quadratic model most accurately learns the NRR-DSC, with a median correlation coefficient of 0.58 with the true NRR-DSC, we call this the QUADRATIC (QUAlity of Dice in RegistrATIon Circuits) model. The QUADRATIC model is used for multi-atlas segmentation based on majority vote. Choosing the four best atlases predicted from the QUDRATIC model resulted in a 7% increase in the DSC between segmented image and true labels.
INTRODUCTION
Non-rigid registration (NRR) is used in various applications in the medical image processing community, such as comparing anatomical structures between patients, tracking change in anatomical structures over time within the same patient, and performing segmentation using multi-atlas algorithms [1, 2] . The ability to estimate the accuracy of NRR is vital in the correct interpretation of these results. Specifically, in use cases such as multi-atlas segmentation, the ability to quantify the magnitude and location of error associated with NRR procedures is important as it can propagate to further steps of the segmentation process.
In the past, NRR was evaluated either subjectively by visual inspection [3] or offline evaluation of atlases based on an image similarity metric [4, 5] . The optimization process used by NRR inherently biases image similarity metrics, and image similarity is often not predictive of structural correspondence. Quantifying the error in correspondence as a result of NRR in a target image is a challenging problem, with some calling automatic registration techniques impossible to validate [5] . Datteri et al have developed the AQUIRC (Assessing Quality Using Image Registration Circuits) [6, 7] model to assess registration quality is target images using registration circuits. The authors proposed to use registration circuits to model the local error associated with NRR and have shown moderate success in applying this to multi-atlas segmentation [8] . In the AQUIRC model, the error "quality" in edges of the circuits is measured. In our model, we use the idea of image registration circuits to estimate the actual error associated with each non-rigid deformation, in this case, the Dice Similarity Coefficient (DSC) of the edges in the network. To model DSC in the network, we test four models to determine the relationship between edge DSC and circuit DSC. The success or failure of the non-rigid registration is predicted using the error model and is used for atlas selection in majority vote multi-atlas segmentation. We find that the quadratic error model is the most successful in modeling DSC error in registration circuits, we call this model QUADRATIC (QUAlity of Dice in RegistrATIon Circuits). e4i kil* 14 4141
METHODS

Data
The data consists of 16 computed tomography scans of eye orbit collected at the Vanderbilt University Medical Center which were retrieved and de-identified under institutional review board approval and previously described in [9] . The following structures in the eye orbit were labeled by experts to form 16 atlases: the optic nerve, the globe, the rectus muscles, and orbital fat. A leave-one-out approach was used where one of the atlases was treated as a target scan, while the other 15 were used for NRR error modeling and segmentation.
Registration
Each of the 16 atlases was registered to the other 15 atlases using ANTS SyN registration [10] , with the crosscorrelation similarity metric. The registration process non-rigidly transforms each atlas to the target space such that a voxel-wise correspondence between the atlas and the target is estimated. The deformation field that was obtained by registering the atlases to the target space was used to propagate the expert labels from the atlas space to the target scan using nearest neighbor interpolation.
The quality of the registration was measured based on structural correspondence between the target image and registered atlas. The structural correspondence was measured using the Dice Similarity Coefficient (DSC). It gives a value between 0 and 1 indicating similarity between the target and the registered atlas, by calculating the proportion of voxels that are the same in both images. It is given by,
The DSC value is computed for each of the four structures bilaterally as well as for the whole segmentation, we will refer to these DSC values as NRR-DSC (Non-Rigid registration Dice similarity coefficient), in order to differentiate it from DSC values obtained from segmentation results that will be computed later in the paper. 
Estimating the Error Model with Registration Circuit
This paper builds on the idea of AQUIRC to use registration circuits of size 3 to estimate registration error [8] . To model the error associated with NRR for each target scan ( ; ), the other 15 scans are used as atlases ( < − <= ), with known true labels, to construct 15 3 (permutations of size three from 15 atlases) circuits ( = 2730), having 15 2 (permutations of size two from 15 atlases) edges ( = 210). Each registration circuit consists of three atlases
. , 0 , and 1 as shown in Figure 1 . The non-rigid transformations from . to 0 , 0 to 1 and 1 to . , are computed as .0 , 01 , and 1. respectively. The deformation fields calculated from the non-rigid transformations are used to propagate the labels associated with . through the circuit. . is transformed to image space 0 using transformation, .0 ( . ). Next, it is transformed to image space 1 using 01 .0 . , and then back to its original space to get . 4 = 1. 01 .0 .
. The error associated with each of the edges of the circuit is evaluated by computing the NRR-DSC value between the true labels and propagated labels from the non-rigid transformation for each edge to give .0 , 01 , and 1. . The NRR-DSC value between true labels of and the propagated labels of ′ is the error associated with the registration circuit given by .01 . In this paper, we evaluate the non-linear relationship between edge error, and circuit error with a Taylor series expansion up to the third order in < (linear), I (quadratic), J (third order), and also a multiplicative relationship in K , which are given by, 
K .0 , 01 , 1. = .01 = L * < .0 * I 01 * J 1. or log .01 = log L + log < .0 + log I 01 + log J 1. (4) Note that the edge errors are known for all of the 210 edges of the circuits since the true labels are known. The parameters, U in models 1 through 4 are evaluated using the 2730 circuits using a generalized linear model with equations (1)- (4). Here, the response variable is the circuit error .01 , and the independent variables are edge errors of the form .0 , 01 , and 1. . The estimated parameters will be indicated by V .
Next, the estimated parameters and known errors , are used to learn the error between the target scan ; , and each of the 15 atlases, <W<= . 15 2 ( '=210) circuits are constructed with target scan , where the circuit starts with an atlas. For example, given atlases . , and 0 , the following circuits are constructed: . → . 4. log K .0 , 0; , ;. = log .0; = log L + log < .0 + log I 0; + log J ;.
The systems of equations are solved using the least squares non-linear (lsqnonlin) function in MATLAB for estimated edge errors: <; , I; , … , <=; , ;< , ;I , … , ;<= .
Majority Vote with Atlas Selection
Multi-atlas segmentation based on majority vote is used to segment each target scan, with the other 15 scans used as atlases. The quality of the segmentation is dependent on the quality of the non-rigid registrations. Poor registrations to the target scan can worsen the final result of the segmentation. Predicting the NRR-DSC associated with each registration as described in section 2.3 can help determine the atlases with best registration for atlas selection. The NRR-DSC estimates are sorted in descending order from the atlas with the best predicted-NRR-DSC ( < 4 ) to the worst predicted-NRR-DSC ( <= 4 ): <4; , I4; , … , <=4; . In order to determine the number of atlases to select to achieve the maximum gain in performance, we perform multi-atlas segmentation 15 times, starting with the best atlas and adding the next best one until all the atlases are used. For the \] segmentation, let ^=^×a be the set of coregistered atlases where is the number of voxels, and is the number of registrations. For each target voxel , the probability that the voxel has a label , is given by
where, is the Kronecker delta given by, The label decision at voxel is given by,
For each of the segmentations, the DSC between the true labels and the segmented labels is calculated to assess the quality of the segmentation. We will refer to this as the seg-DSC, in order to differentiate it from the NRR-DSC. 
RESULTS
Error Model
We had a set of 16 atlases of the eye orbit with expertly marked labels for bilateral orbital structures including the globe, the optic nerve, the extraocular muscles, and periorbital fat. We used a leave-one-out approach to find the error model of the non-rigid registration by considering one of the atlases to be a target scan whose labels were unknown and using the other 15 scans as atlases. The NRR-DSC of the non-rigid registration from each of the 15 atlases to the target space is calculated as described in section 2.3 for each of the structures and the overall segmentation. The predicted NRR-DSC values using each model are compared to the true NRR-DSC values for each target atlas. The mean of the correlation values for the 16 target scans is shown in Figure 2 . The quadratic error model has the highest correlation (p-value<0.05) with the true NRR-DSC values for all of the structures except periorbital fat. The mean correlation between true and predicted NRR-DSC values for overall segmentation using the quadratic model was 0.58 (p-value<0.001). The R 2 values between true and predicted NRR-DSC values are shown in Figure 3 . The median R 2 value for the mean registration was highest for the quadratic model, at 0.34. We call this quadratic error model, QUADRATIC (QUAlity of Dice in RegistrATIon Circuits).
Majority vote results
The mean NRR-DSC predicted using QUADRATIC is used in atlas selection. Figure 4A shows the concordance at the top between the true and estimated mean NRR-DSC values using the quadratic model. Concordance at the top for k atlases calculates the overlap between top k atlases based on true NRR-DSC and top k atlases based on estimated NRR-DSC. As described in section 2.4, 15 segmentations are performed for each target scan. For each of the segmentations, the quality of the segmentation is measured by computing the seg-DSC between the true labels and the segmented labels. The ratio of seg-DSC between the top k atlases and all 15-atlases is computed to evaluate the gain in performance. Figure 4B shows the gain in performance by selecting the best atlases using the true NRR-DSC (red dotted line), and predicted NRR-DSC (blue line). The X-axis shows number of atlases selected, and the Yaxis shows the ratio of k:all seg-DSC. Using the best 4 predicted atlases gives an improvement of 7% on an average. Figure 5 shows the comparison between using the best 4 atlases to perform the majority vote and using all of the atlases. It can be seen that a gain in performance is observed in segmentation of all structures except the optic nerve using the atlas selection procedure. An example of the segmentation result can be seen in Figure 6. 
CONCLUSION
Assessing the structural correspondence error in non-rigid registrations is one of the most challenging problems in medical image-processing. In this paper, we expand on the previous work in AQUIRC to model error using registration circuits. In AQUIRC a multiplicative relationship was assumed between the error quality and circuit error. However, this relationship is not predictive of DSC error. We used a Taylor series expansion of up to third order to test other non-linear relationships between edge and circuit DSC. We found that the QUADRATIC error model showed the best prediction of NRR-DSC.
In the past, atlas-selection was performed by selecting atlases based on image similarity metrics [11] , manifolds computed on image similarity [12, 13] , or using meta-data such as age [14] . However, neither method is a predictor of true local structural correspondence, which affects the quality of multi-atlas segmentation. In order to show that prediction of NRR-DSC using QUADRATIC can improve multi-atlas segmentation, we performed the simplest case of a majority vote based on the best overall predicted DSC. On an average, we observe a 7% improvement in the segmentation DSC using the atlases predicted as best from the quadratic error model. From Figure 3C , it can be seen that when there is a perfect prediction of the NRR-DSC, the improvement in segmentation-DSC can be up to 16%. This improvement can be achieved in future work through better optimization procedures to solve the non-linear system of equations to prevent local minima. Additionally, the NRR-DSC value is predicted for each structure of the atlas, which could lead to innovative multi-atlas segmentation techniques where atlas selection can be applied to each structure to improve overall segmentation. The ability to have a quantitative measure of non-rigid registration can lead to several improvements in multi-atlas segmentation algorithms.
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